In this work, we study steady-state optomechanical entanglement in presence of an additional cross-Kerr coupling between the optical and mechanical mode. We find that a significant enhancement of the steady-state entanglement can be achieved at a considerably lower driving power, which is also extremely robust with respect to system parameters and environmental temperature.
. Recently, Ref. [45] has showed that this crossKerr coupling gives rise to a frequency shift in mechanical and optical mode, with the shift depending on the cavity photon number and mechanical phonon number. Furthermore, Ref. [46] studied the effect of cross-Kerr nonlinearity on the stability of the optomechanical system. Along this line, Ref. [47] showed that in presence of an additional cross-Kerr coupling, the steady-state response of the mechanical resonator becomes a nonmonotonous function of cavity photon number and the bistable behavior of the mean cavity photon can be turned into a tristable behavior.
Motivated by these works, we study the combined effect of radiation pressure and cross-Kerr coupling on the steady-state optomechanical entanglement. First, we analyze the effect of cross-Kerr coupling on the steady-state behavior and the stability conditions of the optomechanical system. Then, we focus on the optomechanical entanglement and find the influence of cross-Kerr coupling on it. Finally, we discuss the robustness of our scheme with respect to system parameters and environmental temperature.
II. MODEL AND EQUATIONS
As depicted in Fig. 1 , we consider an optomechanical system which consists of an optical and a mechanical mode, respectively, with frequency ω a and ω b . As usual, these two modes are coupled via the generic radiation pressure coupling g 0 . In addition, here we consider an extra cross-Kerr type coupling g ck between the optical and mechanical mode, generated by a two-level system or a superconducting charge qubit [35, 36] . Also, the whole system is driven by an external laser of frequency ω l . With this consideration, the complete Hamiltonian of the optomechanical system in a rotating frame of the laser reads ( = 1) amplitude, related to driving power P and optical decay rate κ by |E 0 | = 2P κ/ ω l .
In addition, the system dynamics also includes fluctuation-dissipation processes affecting both the optical and mechanical mode. Starting from Hamiltonian (1), the time evolution of the optomechanical system is given by the following nonlinear quantum Langevin equations:
where γ is the mechanical damping rate, and a in and b in are the corresponding zero-mean input Gaussian noises, with nonzero correlation functions [48] , given by:
Here, n th is the mean thermal phonon number, related to Boltzmann constant K B and environmental temperature
T by: n th = exp
. Under intense laser driving, we now expand each Heisenberg operators as a sum of its semi-classical steady-state value plus an additional small fluctuation operator with zero-mean value: a = α+δa and b = β+δb. The steady-state values are given by the following nonlinear equations:
is the effective optical detuning, modified owing to the both radiation pressure and cross-Kerr coupling, and,
is the effective mechanical frequency, modified owing to the cross-Kerr interaction. As for the fluctuations, their dynamics is given by the linearized quantum Langevin equations [10] :
where G = 2g|α| is the effective optomechanical coupling strength with modified g = g 0 + g ck β. Note that, in the above calculation we have chosen the phase reference of the optical field, such that α is real. Next, we introduce the dimensionless quadrature operators, respectively, for the optical and mechanical mode:
, and, similarly for the corresponding Hermitian input noise operators:
With the above definitions, we express Eq. (5) in a more compact form:
where u T (t) = (δQ(t), δP (t), δX(t), δY (t)) is the vector of continuous variable (CV) fluctuation operators, A is the drift matrix:
and n
is the vector of corresponding noises. A formal solution of Eq. (6) is given by:
where M (t) = e AT . The system is stable and reaches its steady-state when all the eigenvalues of the drift matrix A have negative real parts. These stability conditions are derived by applying the Routh-Hurwitz criteria [49] ,which is given in terms of the system parameters by the following two nontrivial equations:
Note that, in the following work we will strictly restrict to red-detuned driving (∆ > 0), for which the first condition is always satisfied, only the second condition is relevant. Since dynamics is linearized and the initial state of the system is Gaussian in nature, the steady-state for the quantum fluctuations is simply a zero-mean Gaussian bipartite state, which is fully characterized by its 4 × 4 correlation matrix (CM):
Here, u T (∞) = (δQ(∞), δP (∞), δX(∞), δY (∞)) is the vector of CV fluctuation operators in the steady-state (t → ∞). When the system is stable, performing a substitution of Eq. (8) in the defination of CM, we get (11) where Φ kl (s − s ) = ( n k (s)n l (s ) + n l (s )n k (s) )/2 is the matrix of stationary noise correlations. Using Eq. (3) 
Note that Eq. (13) is a linear equation in V which can be straightforwardly solved. However, an exact analytical expression is too cumbersome and will not be reported here. Indeed, we resort to a numerical solution of V . Finally, to study the entanglement between the optical and mechanical mode, we use logarithmic negativity E N as a computable measure of entanglement [50, 51] . For a continuous-variable system, E N is defined as
where
is the lowest symplectic eigenvalue of the partial transpose of V with (V ) ≡ detV m + detV o − 2detV mo , and, we have used 2 × 2 block form of the CM:
where V m , V o and V mo , respectively corresponds to the mechanical mode, the optical mode and the optomechanical correlation between them. Therefore, the Gaussian state is entangled (E N > 0) if and only if ν − < 1/2 which is equivalent to Simon's necessary and sufficient nonpositive partial transpose criteria [52] .
III. RESULTS AND DISCUSSIONS
We start our discussion by considering the effect of cross-Kerr coupling on the steady-state behavior of the optomechanical system. To numerically illustrate our result we consider a set of experimentally accessible parameters: ω a /2π = 370 THz, ω b /2π = 10 MHz, g 0 = 1.347 KHz, γ/2π = 100 Hz, P 0 = 0.1 mW and n th = 100. In Fig. 2(a) , we plot the steady-state amplitudes of the optical and mechanical mode along with the stability range of the system (with g ck = 10 −3 g 0 ), as a function of the driving power. It is clear that for the chosen value of the parameters, both these amplitudes satisfy |α|, |β| 1 which ensures the validity of our linearization assumption. We also note that unlike pure radiation-pressure coupling, now |β| changes drastically with increasing power, as can be explained from Eq. (4b) [47] . In Fig. (2b) we plotω b and g against the driving power. We can see that with increasing powerω b decreases and g increases. In particular, at a driving power P = 2.23P 0 (just before the instability), we get ω b ≈ 0.4ω b and g ≈ 2.5g 0 . Therefore, in presence of cross-Kerr coupling, owing to this significant change in the effective mechanical frequency and (single photon) coupling strength, the system becomes unstable at a considerably lower driving power.
Next, we focus on the steady-state optomechanical entanglement and the influence of cross-Kerr coupling on it. In Fig. 3 , we plot E N as a function of the normalized cross-Kerr coupling strength g ck /g 0 , for a fixed driving power and optical detuning. We can see that with increasing cross-Kerr coupling the degree of entanglement increases and becomes maximum just before the instability. In particular, for the pure radiation-pressure coupling case (g ck = 0) we have E N = 0.025. On the other hand, in presence of a cross-Kerr coupling with coupling strength g ck = 10
−3 g 0 we obtain E N = 0.27. Therefore, by invoking cross-Kerr coupling on a generic optomechanical system, we can significantly enhance the degree of steady-state optomechanical entanglement.
To further probe into entanglement properties and its dependence on the system parameters, we plot in Fig. 4 , E N as a function of the normalized detuning ∆ 0 /ω b and normalized driving power P/P 0 , for g ck = 0 (a) (no cross-Kerr coupling), g ck = 0.5 × 10 −3 g 0 (b), and g ck = 1.0 × 10 −3 g 0 (c). We observe that with increasing cross-Kerr coupling, the degree of entanglement increases, however, the parameter region in which the steady-state is entangled significantly narrows. In fact, with increasing cross-Kerr coupling the system becomes unstable at a lower driving power, which leads to the significant enhancement of steady-state optomechanical entanglement near the stability threshold. Fig. 5 , depicts the same E N as a function of the normalized optical decay rate κ/ω b and normalized driving power P/P 0 , for g ck = 0 (a) (no cross-Kerr coupling), g ck = 0.5 × 10 −3 g 0 (b), and g ck = 1.0 × 10 −3 g 0 (c). Here also, we find the enhancement of the steady-state optomechanical with increasing cross-Kerr coupling. However, now the maximum entanglement only occurs for g ck = 1 × 10 −3 g 0 (Fig. 5(c) ) at higher driving power and lower optical decay rate. It is also important to note that even in the presence of cross-Kerr coupling, we find significant entanglement only in the resolved sideband region, i.e. for κ/ω b < 1.
Finally, in Fig. 6 , we plot E N as a function of the mean thermal phonon number n th . We observe that the degree of entanglement monotonically decreases with increasing thermal phonon number. However, the maximum number of thermal phonons up to which entanglement persists increases with increasing cross-Kerr coupling. For example, for the pure radiation-pressure coupling case the entanglement persists up to n th ≈ 460. In contrast, in presence of a cross-Kerr coupling with coupling strength g ck = 10
−3 g 0 , we have entanglement up to n th ≈ 4970. This shows that with the introduction of cross-Kerr coupling the bipartite entanglement becomes more robust against the thermal phonon fluctuations.
IV. CONCLUSION
In conclusion, we have studied in detail the steadystate optomechanical entanglement in presence of an additional cross-Kerr coupling between the optical and mechanical mode. Within the standard linearized description, we have shown that in presence of an additional cross-Kerr coupling the system becomes unstable at a considerably lower driving power, which leads to significant enhancement of steady-state optomechanical entanglement near the stability threshold. We have further shown that with increasing cross-Kerr coupling, this bipartite entanglement becomes more robust against the variation of system parameters and thermal phonon fluctuation. These results make our proposed scheme a promising way to improve optomechanical entanglement in the steady-state regime. 
